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Ferroelectric nanodomains can be created by the application of a bias voltage to the sharp conducting tip of a
scanning force microscope (SFM) contacting the sample surface. Since an inhomogeneous electric field created
by an SFM tip has maximum intensity along the surface normal, in multiaxial ferroelectrics the polarization
inside these domains also tends to orient perpendicularly to the surface. Here we show theoretically that unusual
domains can be created in uniaxial ferroelectrics when the SFM tip is applied to the crystal surface parallel to the
polar axis. These 180◦ nanodomains have polarization directed along the surface and should appear in LiNbO3
and LiTaO3 crystals at moderate tip voltages well below 100 V. Calculations of equilibrium domain dimensions
demonstrate that subsurface domains have the shape of a needle oriented along the polar axis.
DOI: 10.1103/PhysRevB.88.174109 PACS number(s): 77.80.Dj, 77.80.Fm
I. INTRODUCTION
Ferroelectric domains are distinguished by very thin bound-
aries (domain walls), typically having a width of the order of
one to two lattice constants only.1,2 This feature allows the
creation of nanoscale domains and opens the way for the devel-
opment of nonvolatile memories with ultrahigh (>10 Tbit/in2)
storage densities.3,4 The writing of ferroelectric nanodomains
can be performed using a scanning force microscope (SFM) in
the contact mode and applying sufficient direct current voltage
between the sharp conducting tip and bottom electrode.5,6 The
same setup allows the imaging of written domains, which
requires the application of small alternating current voltage to
the SFM tip, and the measurement of surface displacements
caused by the converse piezoelectric effect (piezoresponse
force microscopy).6
The tip-induced formation of ferroelectric domains in
bulk crystals and thin films is well understood.7–11 However,
the theoretical studies have been mostly devoted to 180◦
domains with the polarization orthogonal to the sample
surface because this situation corresponds to the maximum
intensity of electric field created by the SFM tip. Owing
to this feature, the tip-induced field is expected to promote
a non-180◦ switching in multiaxial ferroelectrics when the
initial polarization is parallel to the surface. In uniaxial
ferroelectrics such as LiNbO3 and LiTaO3, however, only the
180◦ polarization reversal is allowed so that the domain writing
becomes questionable when the tip is applied to the crystal
surface parallel to the polar axis. It should be emphasized
that LiNbO3 and LiTaO3 represent important ferroelectric
materials, having applications in optoelectronics, diffractive
and nonlinear optics,12 frequency conversion devices,13 and
surface acoustic wave devices.14
In this paper, we analyze theoretically the possibility of
creating domains by the application of a voltage to the SFM
tip contacting the surface parallel to the polar axis of a
uniaxial ferroelectric. To that end, an analytical expression
is derived for the total energy of a subsurface 180◦ domain.
The minimization of this energy with respect to the domain
dimensions makes it possible to calculate the critical voltage
necessary for the domain formation and to determine the
evolution of equilibrium domain sizes under the voltages above
the critical one. The numerical calculations performed for
stoichiometric LiNbO3 and LiTaO3 crystals demonstrate that
subsurface 180◦ domains should form at moderate tip voltages
and have the shape of needles oriented in the polarization
direction.
II. THEORETICAL CALCULATIONS
Consider a homogeneously polarized ferroelectric crystal
subjected to an electric field Etip of a biased SFM tip applied
to the surface parallel to the polar axis. Since the field-induced
switching in uniaxial ferroelectrics is limited to 180◦ reversal
of the spontaneous polarization Ps , the field Etip may create
only a 180◦ domain with the polarization parallel to the
crystal surface (see Fig. 1). To calculate the energy of such
a domain, we introduce the rectangular coordinate system (x,
y, z) with the z axis perpendicular to the surface and the x axis
parallel to the polar crystallographic direction. Taking into
account that 180◦ domain walls in LiTaO3 and LiNbO3 are
atomically thin,15 we can write a change in the crystal free
energy F after the polarization switching inside the domain
volume  as
F = Udw + Udep − 2Ps
∫

Etipx (x,y,z)d, (1)
where Udw in the self-energy of the domain boundary,
Udep is the energy of a depolarizing field created by the
polarization charges ρ = −divP distributed along a curved
domain boundary, and the last term represents the work Wtip
done by Etip during the polarization reversal inside . It should
be noted that the tip can be modeled by a circular cone with
the height H ∼ 10 μm ending by a spherical apex having the
radius of curvature rtip ∼ 10–50 nm.16
To find F via Eq. (1), one has to calculate the electric
field created by the SFM tip inside the crystal (z  0). In
these electrostatic calculations, the ferroelectric crystal may
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be modeled by a linear homogeneous anisotropic dielectric
half-space z  0 with the diagonal permittivity tensor
εij (εii = εi , εij = 0 at i = j ), while the external medium (e.g.,
air or water) is assumed to have isotropic dielectric properties
(relative permittivity εext). Then the sought electric field can be
computed by introducing an appropriate spatial distribution of
point changes in the external medium z> 0.16 The electrostatic
potential φ(x, y, z) created by this charge distribution must
have a constant value V on a surface modeling the tip shape
and satisfy the continuity conditions on the interface plane
z = 0. When the crystal surface is orthogonal to the symmetry
axis providing transverse isotropy of the dielectric properties
(εx = εy), the potential φpoint of a point charge needed for
the calculation of Etip acquires a simple form.17 However,
in our situation, the surface is parallel to the polar axis so
that the dielectric response in the planes orthogonal to the
surface normal is obviously anisotropic (εx = εy). In this
case the exact solution for the point-charge potential becomes
rather complicated even in the external isotropic medium.18
Therefore, we will employ an approximate expression for
φpoint(x, y, z) that makes it possible to develop an analytical
description of the domain energetics.
The available theoretical results17,19 suggest the following
approximation for the potential induced inside an anisotropic
half-space z  0 by the charge q located at point (x = y = 0,
z = h):
φpoint ≈ q
2πε0(εext + √εxεz)
√
x2 + (εx/εy)y2 + (h −
√
εx/εzz)2
, (2)
where ε0 is the permittivity of the vacuum. At εx = εy , this
formula reduces to the exact solution for the potential of a
point charge situated at a distance h above a semi-infinite
transversely isotropic medium.17 In addition, Eq. (2) allows
for the influence of dielectric anisotropy on a solution to the
Poisson’s equation in an infinite medium, which involves the
scaling x ′ = x/√εx , y ′ = y/√εy , and z′ = z/√εz of spatial
coordinates.17,19 Assuming that the potential distribution in the
external isotropic medium z  0 is not affected by additional
crystal anisotropy εx = εy , we find that the continuity
conditions for potential φpoint and electric displacement Dz
on the interface plane z = 0 are satisfied along the line
y = 0. Moreover, in the region |y|  (εy/εx)
√
x2 + h2 the
steplike changes of φpoint and Dz occurring on z = 0 are
much smaller than their values here. Therefore, the proposed
solution is expected to have reasonable accuracy for the
analysis of strongly elongated domains considered in this
paper, provided we orient the x axis along the polarization
direction.
The widely used model of SFM tip in the form of a single
point charge,7,8,11 however, is not suitable for the theoretical
description of in-plane needle domains, because at distances
x 	rtip the main contribution to Etip is created by the conical
part of the tip. Therefore, we employ line charge model of
the tip,20,21 which allows for the long-range component of
Etip and makes it possible to derive an analytical expression
for the interaction energy Wtip. Using Eq. (2) and integrating
along a charged segment extending from z = h to z = H 	
h, we obtain the potential created by the SFM tip inside a
ferroelectric crystal (z  0) in the form
φtip ≈ λ2πε0(εext + √εxεz) ln
⎡
⎣H −
√
εx/εzz +
√
x2 + (εx/εy)y2 + (H −
√
εx/εzz)2
h − √εx/εzz +
√
x2 + (εx/εy)y2 + (h −
√
εx/εzz)2
⎤
⎦ , (3)
where λ represents the charge density per unit length. In
Eq. (3), H may be set equal to the total tip height, whereas the
parameters λ and h should be calculated from the electrostatic
conditions at the tip apex. By analogy with the modified point
charge model,11 we determine these parameters by equating
the potential φtip(x = 0, y = 0, z = δ) at the apex to the
bias voltage V and the curvature of equipotential surface at
this point to 1/rtip (δ is the distance between the tip apex and
the crystal surface). The calculation shows that the position
h of the charged segment bottom end can be found as a
root of the cubic equation 2√εxεzh3 − εext(rtip − 2δ)h2 −
2√εxεzδ(rtip + δ)h − εextδ2(rtip + 2δ) = 0, which gives h =
(εext/2√εxεz)rtip when the SFM tip is brought into contact
with the crystal surface (δ = 0). Substituting the calculated
value of h into Eq. (3), one can find the charge density
λ ∼ V , which at δ = 0 is defined by a simple formula
λ = 2πε0(εext + √εxεz)V/ ln[2√εxεzH/(εextrtip)]. It should
be noted that the modified point charge model reproduces the
tip-induced electric field in the vicinity of a spherical tip with
a good accuracy.11
The differentiation of Eq. (3) with respect to the coordinate
x yields the electric field intensity Etipx = −∂φtip/∂x along
the polar axis. The calculation shows that Etipx has opposite
signs on the right (x > 0) and left (x < 0) sides of the SFM
tip and goes to zero at x = 0. In a homogeneously polarized
uniaxial ferroelectric, therefore, the tip-induced electric field
promotes the polarization reversal on one side of the SFM tip
only. Moreover, as demonstrated by Fig. 2(a), the intensity
E
tip
x reaches maximum at some distance x = xmax(y, z) from
the tip and decreases relatively slowly at x > xmax, having
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the asymptotic behavior Etipx ∼ 1/x at x → ∞. In contrast,
the field intensity falls off rapidly along the y and z axes (see
Fig. 2), decreasing as 1/y2 and 1/z2 in the limit of large y and
z, respectively. These features indicate that the 180◦ domain
created by the biased tip will be strongly elongated along the
polar axis and localized in the subsurface layer. It may also be
assumed that one of the domain ends is located just beneath
the SFM tip (i.e., at the origin of the reference frame shown in
Fig. 1).
To simplify further calculations, we approximate the do-
main shape by a half of a triaxial ellipsoid exscinded by
the crystal surface. This model enables us to evaluate the
depolarizing field energy Udep via modification of the formula
derived by Landauer for a semiellipsoidal domain extending
into the crystal from the ferroelectric-metal interface.19 Using
electrostatic considerations based on the method of image
charges22 and allowing for scaling caused by dielectric
anisotropy, we find
Udep ≈ πP
2
s
3ε0εx
(
εz
εy
)3/2
Lw2d2(
εz
εx
L2 − 2
√
εz
εy
wd
)3/2
⎡
⎢⎢⎣
√
εz
εx
L ln
⎛
⎜⎜⎝
√
εz
εx
L +
√
εz
εx
L2 − 2
√
εz
εy
wd
√
εz
εx
L −
√
εz
εx
L2 − 2
√
εz
εy
wd
⎞
⎟⎟⎠− 2
√
εz
εx
L2 − 2
√
εz
εy
wd
⎤
⎥⎥⎦ , (4)
where L is the domain length along the polar axis, w is the domain width set equal to its maximal extension on the surface in the
transverse direction, and d is the maximum domain size in the direction orthogonal to the surface (see Fig. 1). Since the surface
area of a triaxial ellipsoid may be calculated from the well-known approximate analytical formula, the self-energy Udw of the
domain boundary can be written as
Udw ≈ 2π
[
1
3
(
Lw
4
)β
+ 1
3
(
Ld
2
)β
+ 1
3
(
wd
2
)β]1/β
γ, (5)
where β ∼= 1.6075 and γ denotes the mean specific energy of a curved 180◦ wall bounding the considered domain.
Finally, the last term in Eq. (1) may be evaluated with the aid of the mean value theorem. The calculation gives
Wtip = 2PsS[φtip(x∗∗,y∗,z∗) − φtip(x∗,y∗,z∗)], where S = (π /4)wd is the area of the domain cross section by the plane x = L/2,
y∗ and z∗ are the coordinates of a point on this plane situated inside domain, and x∗∗ = (L/2)(1 +
√
1 − 4y∗2/w2 − z∗2/d2) and
x∗ = (L/2)(1 −
√
1 − 4y∗2/w2 − z∗2/d2) represent the coordinates x of two points at which the line (y = y∗, z = z∗) crosses
the domain boundary. Setting in the first approximation y∗ ≈ w/4 and z∗ ≈ − d/2 and using Eq. (3), we obtain
Wtip ≈ −VPs ˜λπwd2
⎡
⎢⎢⎣ln
⎛
⎜⎜⎝
2
√
εx
εz
d + 4H +
√
2(3 − 2√2)L2 + εx
εy
w2 + 4
(√
εx
εz
d + 2H
)2
2
√
εx
εz
d + 4h +
√
2(3 − 2√2)L2 + εx
εy
w2 + 4
(√
εx
εz
d + 2h
)2
⎞
⎟⎟⎠
− ln
⎛
⎜⎜⎝
2
√
εx
εz
d + 4H +
√
2(3 + 2√2)L2 + εx
εy
w2 + 4
(√
εx
εz
d + 2H
)2
2
√
εx
εz
d + 4h +
√
2(3 + 2√2)L2 + εx
εy
w2 + 4
(√
εx
εz
d + 2h
)2
⎞
⎟⎟⎠
⎤
⎥⎥⎦ , (6)
where ˜λ = λ/[2πε0(εext + √εxεz)V ] is the normalized charge
density independent of the bias voltage V .
The substitution of Eqs. (4)–(6) into Eq. (1) yields an
analytic expression for the domain energy F . By minimizing
the function F (L, w, d) numerically, it is possible to
evaluate the critical bias voltage Vcr at which the domain
formation becomes energetically favorable and to calculate the
equilibrium domain length L∗, width w∗, and “depth” d∗ at
voltages V  Vcr. It should be emphasized that the modeling of
domain shape by half of a triaxial ellipsoid enables us to allow
for both the highly anisotropic three-dimensional distribution
of the electric field Ex induced by the SFM tip along the polar
axis and the influence of the depolarizing field energy tending
to elongate the formed domain in the polarization direction.
In conclusion of this section, we note that the rela-
tion between in-plane and out-of-plane components of the
tip-induced electric field depends on the dielectric anisotropy
of the probed material. For uniaxial ferroelectrics with weak
or moderate anisotropy, which are considered in this paper,
the differentiation of Eq. (3) shows that the maximum value of
Ez is several times higher than that of Ex (almost three times
in LiTaO3 and about two times in LiNbO3). However, very
strong anisotropy of the form εz/εx 	 1 reverses the situation,
as happens in the case of a BaTiO3 crystal with the polar
axis parallel to the surface (εz/εx > 30), where the in-plane
component Ex becomes stronger than Ez.23
III. RESULTS AND DISCUSSION
We performed numerical calculations for stoichiometric
LiNbO3 and LiTaO3 crystals using the experimental values
of spontaneous polarization and dielectric constants compiled
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FIG. 1. (Color online) Schematic depiction of a subsurface
180◦ domain forming in a uniaxial ferroelectric subjected to an
inhomogeneous electric field of a biased SFM tip applied to the
surface parallel to the polar axis. (a) Overall view of the sample
transverse section by the plane orthogonal to the crystal surface and
parallel to the polarization direction (axis x). (b) Enlarged view of
the domain cross section in the plane x = L/2.
in Ref. 24: Ps ≈ 0.75 C/m2, εx ≈ 29, εy = εz ≈ 84 for LiNbO3,
and Ps ≈ 0.55 C/m2, εx ≈ 44, εy = εz ≈ 53 for LiTaO3. For
the specific domain wall energy γ , we employed the values of
170 mJ/m2 (LiNbO3) and 60 mJ/m2 (LiTaO3) evaluated using
the Landau-Ginzburg-Devonshire theory and the measured
wall widths.24 It should be noted that the result obtained for
γ in LiNbO3 was recently confirmed by simulations based on
the density functional theory.25
The calculations covered the cases of sharp (rtip = 10 nm)
and blunt (rtip = 50 nm) SFM tips in direct contact (δ = 0,
H = 10 μm) with surfaces of ferroelectric crystals immersed
in air (εext = 1) and water (εext = 81). Table I summarizes the
theoretical results obtained for the critical voltage Vcr. It can be
seen that the moderate tip voltages well below 100 V appear to
be sufficient for the formation of 180◦ domains with in-plane
polarization in both LiNbO3 and LiTaO3. Remarkably, the tip
radius rtip does not affect the critical voltage significantly when
the crystal is surrounded by air or vacuum. At the same time,
TABLE I. Calculated critical voltages for the formation of
subsurface 180◦ domains with in-plane polarization in uniaxial
ferroelectrics.
Conditions Vcr for LiNbO3 (V) Vcr for LiTaO3 (V)
rtip = 10 nm, εext = 1 19 12
rtip = 10 nm, εext = 81 39 25
rtip = 50 nm, εext = 1 21 13
rtip = 50 nm, εext = 81 58 37
FIG. 2. (Color online) Electric field created by the SFM tip in the
direction parallel to the surface. The field intensity Etipx is normalized
by the quantity E0 = λ/[2πε0(εext + √εxεz)h]. Panel (a) shows Etipx
at y = z = 0 as a function of x/h, panel (b) displays Etipx at x = h,
z = 0 as a function of y/h, and panel (c) shows Etipx at x = h, y = 0
as a function of z/h (all calculated at H = 104h and εx = εy = εz).
Vcr increases about two times in the presence of water on the
crystal surface, which is caused by its much higher permittivity.
The fact that the critical voltage is lower for LiTaO3 than for
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FIG. 3. (Color online) Equilibrium length (a), width (b), and
depth (c) of a subsurface 180◦ domain in LiNbO3 calculated as a
function of voltage applied between the SFM tip and the bottom
electrode. Conducting tips with radii of curvature indicated on the
plot are assumed to be in direct contact with the crystal surface
surrounded by air.
LiNbO3 can be attributed to a smaller value of the domain-wall
energy γ in the former.
FIG. 4. (Color online) Equilibrium length (a), width (b), and
depth (c) of a subsurface 180◦ domain in LiTaO3 calculated as
a function of tip voltage. Conducting tips with radii of curvature
indicated on the plot are assumed to be in direct contact with the
crystal surface surrounded by air.
Figures 3 and 4 show the calculated equilibrium dimensions
of subsurface domains in LiNbO3 and LiTaO3 as a function of
tip voltage. The comparison of presented plots demonstrates
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that the domain lengthL∗ is always much larger than transverse
domain sizes, exceeding the width w∗ by 5 − 25 times in
the studied voltage range. At the same time, the width w∗ is
about two times bigger than the depth d∗, but the ratio w∗/d∗
generally differs from 2 considerably. Hence, the subsurface
domain cannot be accurately modeled by a half of an ellipsoid
of revolution. As expected, all domain dimensions increase
monotonically with increasing tip voltage. Although near
the critical voltage the domain length L∗ ∼ 10 nm only, at
V = 100 V it reaches values as high as about 550 nm in
LiNbO3 and 2000 nm in LiTaO3 when rtip = 50 nm. The
equilibrium depth d∗ does not exceed ∼30 nm so that 180◦
domains written by the SFM tip appear to be “shallow” in bulk
crystals. It should be noted that the theory also predicts that the
presence of water on the crystal surface significantly increases
equilibrium domain dimensions, especially the domain length
that reaches about 2 μm in LiNbO3 and 7 μm in LiTaO3 at
V = 100 V when rtip = 50 nm.
In summary, we demonstrated theoretically that unusual
180◦ domains can be created in uniaxial ferroelectrics with
the aid of a scanning force microscope. In contrast with
conventional domains, where the polarization is orthogonal
to the crystal surface,6 these domains are polarized along the
surface and situated asymmetrically with respect to the SFM
tip. Although the written subsurface domains become ener-
getically unfavorable after switching off the tip voltage, they
cannot fully disappear owing to potential barriers hindering the
motion of domain walls in the crystal lattice2 and their pinning
by defects. Moreover, domain stability can be enhanced by
moving the biased SFM tip along the crystal surface in a
direction parallel to the polar axis, which should result in
the formation of a cylindrical 180◦ domain with a negligible
depolarizing field. A system of such parallel domains may be
useful for advanced device applications of LiNbO3 and LiTaO3
crystals. For example, periodically poled LiNbO3 for the
near-ultraviolet range may require antiparallel domains with
a high aspect ratio and submicron sizes. These can be easily
arranged by the described method using a moving SFM tip.
High throughput can be achieved by using an array of identical
cantilevers similar to those used in the “Millipede” approach.26
To the best of the authors’ knowledge, no systematic study of
the formation and stability of the in-plane subsurface domains
has been reported so far.
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